ABSTRACT. Some kind of abstract density topology in a topological Baire space is considered. The semiregularization of this type of topology on the real line in many cases is the coarsest topology for which real functions continuous with respect to the abstract density topology are continuous.
It is also worth adding that this theorem is true not only for real functions but also for functions with value in an arbitrary topological regular space.
In the sequel, we will consider the topology generated by the so-called lower or almost lower density operator, therefore we briefly recall these notions.
Let (X, S, J ) be a measurable space where S is a σ-field and J ⊂ S is a proper σ-ideal.
We shall say that an operator Φ : S → S is a lower density operator on (X, S, J ) if Replacing condition (4) with its weaker form
we get the so-called almost lower density operator on (X, S, J ). We shall say that the pair (S, J ) has the hull property if
The following theorem is well-known.
Ì ÓÖ Ñ 2 (cf. [2] , [6] 
)º If Φ : S → S is a lower density operator on (X, S, J )
and (S, J ) has the hull property, then the family
is a topology on X such that
a) A ∈ J if and only if A is a T Φ -nowhere dense and T Φ -closed set; b) K(T Φ ) = J; c) Ba(T Φ ) = B(T Φ ) = S; d) X, T Φ is a Baire space.
If Φ is an almost lower density operator, then we have the following theorem.
Ì ÓÖ Ñ 3 (cf. [6])º If Φ : S → S is an almost lower density operator on (X, S, J ) and (S, J ) has the hull property, then the family
is a topology on X such that a) if A ∈ J, then A is a T Φ -nowhere dense and T Φ -closed set;
ON SEMIREGULARIZATION OF ABSTRACT DENSITY TOPOLOGIES
A topology obtained in Theorem 2 is called an abstract density topology generated by operator Φ on (X, S, J ).
More interesting properties of topologies generated by lower or almost lower density operators one can find in [6] . Moreover, this paper contains examples of abstract density topologies generated by lower density operators and also by almost lower density operators. Now, we shall consider a topological Baire space X, τ and the measurable space X, Ba(τ ), K(τ ) . It is well-known that the pair Ba(τ ), K(τ ) has the hull property. Thus, every lower density operator Φ on X, Ba(τ ), K(τ ) generates an abstract density topology on X, Ba(τ ), K(τ ) .
We are going to introduce the lower density operator on X, Ba(τ ), K(τ ) which is supported by an operator defined only on the family of τ -open sets.
Let Φ : τ → 2 X be an operator satisfying the following conditions:
It is easy to prove the following fact:
Let Φ(X, τ ) stand for the family of all operators satisfying the above conditions. This set is called the family of all admissible operators on τ .
It is well-known that in a topological Baire space X, τ every set A ∈ Ba(τ ) has the unique representation:
where G(A) is regular open set in X, τ and B ∈ K(τ ) (see [11] ).
Let Φ ∈ Φ(X, τ ). Let us define the operator Φ r : Ba(τ ) → 2 X in the following way:
∀
In the virtue of properties of regular open sets, it is easy to prove the following theorem.
Ì ÓÖ Ñ 4º For every Φ ∈ Φ(X, τ ), the operator Φ r is a lower density operator on X, Ba(τ ), K(τ ) and the family
is an abstract density topology on X, Ba(τ ), K(τ ) .
Let us notice the following property concerning an arbitrary lower density operator on X, Ba(τ ), K(τ ) . 
is an abstract density topology on X, Ba(τ ), K(τ ) , then the following conditions are equivalent:
, and condition b) has been proved.
Let
where C is a τ -nowhere dense and τ -closed set (see [11] ). Hence,
Taking into account Remark 1, we obtain
and thus, τ ⊂ T Φ r .
Moreover, we have

Remark 2º
If X, τ is a topological discrete space, then for every operator Φ ∈ Φ(X, τ ) we get that
Remark 3º If X, τ is a topological Baire space containing a dense subset
Remark 4º If X, τ is a topological Baire space and Φ(A) = A for every A ∈ τ , then Φ ∈ Φ(X, τ ) and
In many cases, a topological space X, T Φ r is not completely regular and even not regular. Namely, we have
If a topological space X, T Φ r is T 1 and not completely regular, then T Φ r is not the coarsest topology for which real T Φ r -continuous functions are continuous. Therefore, we are looking for the coarsest topology T ⊂ T Φ r such that
ÈÖÓÔ ÖØÝ 1º Let X, τ be a topological Baire space, Φ ∈ Φ(X, τ ) and let
P r o o f. Based on the properties of operator Φ, it is easy to obtain that the families T Φ r , T Φ r are topologies and
So, B ∈ K(τ ) and A ∈ Ba(τ ). Simultaneously,
.
Remark 5º
The inclusions in Property 1 are proper. If X, τ is a topological Baire space containing a τ -dense subset A ∈ K(τ ), then from Remark 3 for every operator Φ ∈ Φ(X, τ ) we get that
Hence, Φ r (A) ∈ T Φ r and A ∈ T Φ r K(τ ).
This property implies the following corollary. R. O' M a l l e y in [10] proved that the space R, T a.e. is completely regular. Thus, in this case, T Φ r is the coarsest topology such that
In the next part, we shall consider the topology T Φ ro included in T Φ r . Let X, τ be a topological Baire space and Φ ∈ Φ(X, τ ). By RO(X, T Φ r ) we denote the family of T Φ r -regular open sets.
Let T Φ ro be a topology with RO(X, T Φ r ) as an open base. Clearly,
There is a useful characterization of the family RO(X, T Φ r ).
Ì ÓÖ Ñ 7 (cf. [6])º A set A ⊂ X is a T Φ r -regular open set if and only if
. By the previous theorem,
In the case of operator Φ = Φ d and O'Malley topology T a.e. , we obtain
The following example shows that semiregularization T Φ ro does not have to be the coarsest topology such that C( X, T Φ ro ) = C( X, T Φ r ). Let τ = τ J ω , where J ω is the σ-ideal of countable sets on R. Then, τ is a topological T 1 Baire space.
Putting Φ(W ) = W for W ∈ τ , we get that Φ ∈ Φ(R, τ ) and, by Remark 4, T Φ r = τ K(τ ). Hence, by Theorem 1,
Simultaneously, A ∈ T Φ ro , because A is τ -regular open and
Similarly, B ∈ T Φ ro . So, T Φ ro is not the coarsest topology such that
because the coarsest topology is T = {∅, R}.
The next theorem shows that under additional assumptions semiregularization T Φ ro is the coarsest topology such that
To formulate this theorem, we need the concept of an interval set, so we recall this notion.
Either of the sets
is a right interval set at a point x 0 if x 0 < b n+1 < a n < b n for n ∈ N and lim n→∞ a n = x 0 .
A left interval set at a point x 0 is defined in the same way. The union of a right interval set and a left interval set at the same point x 0 will be called a both interval set at a point x 0 . A set A is an interval set at a point x 0 if it is a right interval or a left interval or a both interval set at a point x 0 . 
Ì ÓÖ Ñ 9º
It is sufficient to prove that the topological space R, T Φ ro is completely regular, because then the topology T Φ ro is the coarsest topology for which real T Φ ro -continuous functions are continuous. Let A ∈ T Φ ro and x 0 ∈ A.
We shall define a function f ∈ C( R, T Φ ro ) such that
Clearly, there exists a
. By assumption, there exists a closed interval set F at x 0 such that F ⊂ G(V ) and x 0 ∈ Φ int(F ) . Also by the assumption, every point of the set Φ(A), where A ∈ τ 0 , is the both-side accumulation point of A. We get that Φ r ((a, b)) = (a, b) for every a < b, a, 
The above theorem has application for operators:
• Φ I ∈ Φ(R, τ o ) (E. L a z a r o w, W. P o r e d a, E. W a g n e r-B o j a k o ws k a, see [8] , [12] );
• Φ I(J ) ∈ Φ(R, τ o ) (R. W i e r t e l a k, see [13] ).
We give another example in which Theorem 9 can be applied. Let A ∈ L and J = {J n } n∈N be a sequence of intervals tending to zero. It means that
where c(J n ) is a centre of the interval J n , for n ∈ N. We shall define an operator Φ J : L → L in the following way:
, then we get an ordinary density point. It was proved that operator Φ J is an almost lower density operator and the family
is a topology on R containing τ 0 (see [7] ).
ON SEMIREGULARIZATION OF ABSTRACT DENSITY TOPOLOGIES
We say that a sequence of intervals
is right-side (left-side) tending to zero if there exists n 0 ∈ N such that b n > 0 (a n < 0) for n ≥ n 0 and
A sequence of intervals J is one-side tending to zero if it is right-side or left-side tending to zero.
We have the useful property. 
We have two cases. 1 o Only a finite number of sets I(n) is infinite. Without loss of generality we can assume that all sets I(n) are finite. Then, we put B = n∈N i∈I(n) A i . This set is an open interval set, and obviously, 0 ∈ Φ J (B). 
Hence,
Since 0 ∈ Φ J (A), it follows that 0 ∈ Φ J (B).
Paper [5] contains the following theorem helpful in our considerations. 
Ì ÓÖ Ñ 11º
